The Elsässer variables are often used in studies of plasma turbulence, in helping differentiate between MHD waves propagating parallel or anti-parallel to the main magnetic field. While for pure Alfvén waves in a homogeneous plasma the method is strictly valid, we show that compressible, magnetoacoustic waves are in general described by both Elsässer variables. Furthermore, in a compressible and inhomogeneous plasma, the pure MHD waves (Alfvén, fast and slow) are no longer normal modes, but waves become linearly coupled or display mixed properties of Alfvén and magnetoacoustic nature. These waves are necessarily described by both Elsässer variables and therefore the Elsässer formalism cannot be used to strictly separate parallel and anti-parallel propagating waves. Nevertheless, even in an inhomogeneous plasma, for a highly Alfvénic wave the Elsässer variable corresponding to the propagation direction appears still dominating. We suggest that for Alfvénic waves, the relative amplitude of Elsässer variables depends on the local degree of inhomogeneity and other plasma and wave properties. This finding has implications for turbulence studies in inhomogeneous and compressible plasmas, such as the solar corona and solar wind.
Introduction
In a short letter, Elsasser (1950) showed that transforming the incompressible MHD equations, by using the variables now named after him, leads to a symmetrical form of the equations. These variables, as will be shown in the next section, represent pure Alfvén wave perturbations propagating either in the direction of the background magnetic field B 0 or opposite to it. This simple dichotomy of wavelike perturbations in plasmas by using the Elsässer variables turned out to be very useful in studying plasma turbulence, e.g. in the solar wind (Bruno & Carbone 2013) , both theoretically (e.g. Dobrowolny et al. 1980; Zhou & Matthaeus 1989) , and for in-situ data analysis (e.g. Tu et al. 1989; Grappin et al. 1990) . This was made possible by assuming incompressibility, due to the usually highly Alfvénic nature of solar wind perturbations (especially the fast solar wind, Bruno & Carbone 2013) . However, it is well known that the solar wind is compressible and inhomogeneous (especially the slow solar wind), and the nature and origin of the Elsässer component corresponding to 'inward' propagation (propagating towards the Sun) is still not completely clear. These may very well represent locally generated, inward propagating Alfvénic waves (Bavassano & Bruno 1989; Tu et al. 1989) , however this interpretation was found unlikely in a number of studies, suggesting instead that they are either signatures of convected background structures (e.g. pressure-balanced structures in the solar wind, Bruno & Bavassano 1991; Bavassano & Bruno 1992; Tu & Marsch 1995) or of the compressive component of the perturbations (Marsch & Tu 1993; Bruno et al. 1996) . For example, Grappin et al. (1990) found that amplitudes of inward propagating modes are correlated with plasma density perturbations. The presence of compressibility introduces new wave modes, i.e. magnetoacoustic modes , making the study of compressible MHD turbulence much more difficult, about which little is known, compared to its incompressible counterpart (Lithwick & Goldreich 2001; Cho & Lazarian 2002) . Marsch & Mangeney (1987) showed that the compressible MHD euqations (with a polytropic equation of state) can still be written in terms of generalized Elsässer variables, with variable density. In the paper, it was also suggested that these equations might be suitable to describe compressible MHD turbulence. Indeed, Elsässer variables were used regularly in studies of, e.g. solar wind turbulence, even when inhomogeneities or density perturbations were present. Moreover, the meaning of Elsässer variables, i.e. the general separation of waves into outward and inward propagating components , was extended unchanged to compressible scenarios from the originally incompressible and homogeneous framework. However, even in an incompressible plasma which is inhomogeneous along the magnetic field, the outward and inward propagating Alfvén waves are linearly coupled (reflection), resulting in outward propagating waves necessarily described by a 'principal' and 'anomalous' component when expressed using Elsässer variables (Hollweg 1973; Heinemann & Olbert 1980) . Therefore, when reflections occur, even Alfvén waves are described by both Elsässer fields propagating in the same direction, thus they cannot be strictly separated in inward and outward propagating contributions by using the Elsässer variables (Hollweg 1990) .
In this paper, we show that the presence of compressibility and inhomogeneities across the magnetic field might further aggravate the inability of Elsässer variables to separate perturbations into inward and outward propagating modes. Magnetoacoustic waves, which display compression, are in general described by both Elsässer variables, even in a homogeneous plasma. Furthermore, the presence of both compressibility and plasma inhomogeneity allows for the linear coupling of magnetoacoustic and Alfvén waves.
Therefore, in a generally inhomogeneous medium, waves are not in their 'pure' state: one cannot decompose them into pure fast, slow, and Alfvén components, as the waves have mixed properties (Goossens et al. 2011) . Waves with mixed properties are described by both Elsässer variables as they propagate, to a varying degree depending among other factors on the local plasma inhomogeneity. Previously, this property was used to explain the transition to a turbulent state of an inhomogeneous plasma perturbed by unidirectionally propagating Alfvénic waves (Magyar et al. 2017) . We would like to point out that the adjective 'Alfvénic' describes waves which have largely Alfvén characteristics, however, due to plasma inhomogeneity they are not pure Alfvén waves, as compression is also present.
Alfvénic waves are an example of MHD waves with mixed properties. (Goossens et al. 2009 (Goossens et al. , 2012 . In the following, in Section 2 we present some simple analytical calculations of the Elsässer variables for magnetoacoustic modes in infinite and homogeneous plasma.
In Section 3 we present the results of a 2.5D MHD simulation, a 'toy model' used to demonstrate the analytically derived results of section 2. In Section 4, including the effects of inhomogeneity, we consider a 3D toy model to demonstrate the linear coupling of MHD waves and their appearance using the Elsässer formalism. Finally, in Section 5, we conclude the presented results.
Mathematical formulation
For studying the nature of Elsässer variables in a compressible plasma, we use the ideal MHD equations (Goedbloed & Poedts 2004) :
where j = 1 µ (∇ × B) is the current density, and γ is the adiabatic index. By using the Elsässer variables (Elsasser 1950) , defined as:
and considering only incompressible motions (∇ · v = 0), the system of Eqs. 1-5 can be rewritten in the form (Elsasser 1950) :
where
is the total pressure. In the following, we consider an infinite and homogeneous medium, with a straight magnetic field B 0 = B 0x , wherex is the x-axis unit vector in Cartesian coordinates. This implies that the gradients of equilibrium quantities vanish. We consider perturbations of velocity and magnetic field of arbitrary magnitude over this equilibrium, such that v = (v 0 = 0) + v and B = B 0 + B , where the zero subscript denotes the equilibrium values and the primed variables are perturbations. Then, we can rewrite the Elsässer variables in the form:
is the equilibrium Alfvén speed. Rewriting Eqs. 7-9 now yields:
where we dropped the prime from the perturbed Elsässer variables. Note that we did not linearize the system: perturbations can be of arbitrary amplitude. As noted in the Introduction, in the incompressible framework the Elsässer variables represent Alfvén waves propagating parallel or anti-parallel to the main magnetic field. This can be easily seen then by considering only one of the Elsässer variables nonzero in Eqs. 11-13, i.e. either 
, which leads to two uncoupled equations:
while still ∇ · z ± = 0. Note that the total pressure gradient term is equal to zero if one of the Elsässer variables vanish. These equations describe arbitrary nonlinear pure Alfvén wave packages, propagating unidirectionally (see Fig. 1 ), with the exact solutions:
It is this property of the Elsässer variables that is usually exploited in turbulence studies. Now, let us investigate the appearance of magnetoacoustic modes in the Elsässer formalism. For this, first we return to the original velocity and magnetic field formulation in Eqs. 1-5. Again we restrict ourselves to a uniform and homogeneous medium, over which we impose linear perturbations of all variables. By differentiating the linearized form of Eq. 2 with respect to time and substituting the time derivatives of the other variables in, and after some algebraic manipulation, a generalised wave equation for v is obtained:
where .
is the square of the sound speed, with R sp = k B /m the specific gas constant, k B the Boltzmann constant, m the average mass per particle, and T 0 the equilibrium temperature.
In the following, we will express the magnetic field in units for which µ = 1. The wave equation (Eq. 17) admits as solution waves which propagate vorticity and no compression (Alfvén waves) and waves which propagate compression but no vorticity (magnetoacoustic waves). Magnetoacoustic waves are of two types: fast and slow. In a homogeneous and infinite medium, these three linear wave modes are uncoupled and have well-defined eigenfunctions. For the magnetoacoustic modes, the velocity, magnetic field, and density perturbations are (Goedbloed & Poedts 2004 , see also Fig. 2) :
where the subscript denotes slow or fast, k = k cos(ν), k ⊥ = k sin(ν), with ν the angle between k and B 0 (see Fig. 2 ), ω s,f is the eigenfrequency of fast and slow waves (for its expression see Goedbloed & Poedts 2004) , A is the normalized velocity perturbation amplitude so that |v s,f | = 1, and α s,f is:
Note that, due to the presence of density perturbations, the perturbed Elsässer fields are expressed now as:
where the difference from its incompressible counterpart in Eq. 10 is the presence of an additional term along B 0 . Now, by plugging in the eigenfunctions for magnetoacoustic waves in the above expression, we obtain the perturbed Elsässer fields for fast and slow waves:
By looking at the diagram of Eq. 24 plotted in Fig. 3 , we can appreciate that magnetosonic waves are described by both z + and z − , i.e. a single magnetosonic wave presents perturbations in both variables while propagating. Therefore, these waves cannot be separated in 'inward' or 'outward' propagating waves with respect to the background magnetic field by using the Elsässer variables. As exception, for parallel propagation i.e. k B 0 , fast waves are described by only one of the Elsässer variables, the selection depending on the propagation direction. Slow waves present both variables for strictly parallel propagation, albeit with different amplitudes. For perpendicular propagation, fast waves are described by both Elsässer variables, with equal magnitude.
We reiterate that the analysis above is only valid for a homogeneous and infinite medium. As mentioned earlier, when inhomogeneities are present, in general waves cannot it propagates both vorticity and compression, is driven by both magnetic tension and pressure, etc. (Goossens et al. 2011) . Translated into the Elsässer picture this implies that due to the partial magnetoacoustic character of waves with mixed properties, they are generally described by perturbations in both Elsässer variables, both propagating in the direction of the wave vector k. This property of waves in inhomogeneous media will be presented in Section 4.
Simulation of MHD waves in a 2.5D model
In order to demonstrate and help visualizing the results derived in the previous section, we run ideal 2.5D MHD simulations using the code MPI-AMRVAC (Keppens et al. 2012; Porth et al. 2014; Xia et al. 2018) . Here 2.5D means 2 spatial dimensions and 3 vector components, i.e. perturbations along the third direction are supposed to have zero wavenumber along that direction. We use the implemented one-step tvd method with Roe's solver and Woodward slope limiter. The constraint on the magnetic field divergence is maintained using Powell's scheme. On the square numerical domain of size (−L/2, L/2) 2 , the uniform resolution is 384 2 cells. Convergence studies with double the resolution show no important differences in the dynamics. We use open boundary conditions, however, the simulation stops before the wave-fronts reach the boundaries.
The equilibrium consists of a homogeneous plasma without flows, with a straight, homogeneous magnetic field B 0 = B 0x , with plasma β = c 2 s /V 2 A0 ≈ 0.013. We trigger linear MHD waves by considering an initial pulse in all 3 components of velocity:
where M = 2 · 10 −3 is the Alfvén Mach number for the y, z components, and the sonic Mach number for the x component, and R ≈ 0.034 L is the pulse width. We use these small Mach numbers in order to minimize nonlinear couplings between the fast, slow, and Alfvén waves. Note that as the sound speed is smaller than the Alfvén speed, the perturbation amplitude of v x is correspondingly smaller. This is done in order to have the same degree of nonlinearity for all waves. The resulting wave behaviour is shown in Fig. 4 . By a closer inspection of the top graphs in Fig. 4 , one can distinguish the specific appearance of fast, slow, and Alfvén waves as expressed through the Elsässer variables. As described in Section 2, pure Alfvén waves are necessarily described by only one of the Elsässer variables:
this can be seen as the strong pulse propagating along B 0 in the top-left snapshot (z − ), 
Simulation of linearly coupled MHD waves in a 3D inhomogeneous model
In the previous section, by employing a 2.5D model, i.e. considering no variation along the y-axis, we achieved the linear decoupling of the fast, slow and Alfvén waves (De Groof et al. 1998; De Groof & Goossens 2000; Goossens et al. 2011 ). The 3D model employed in this section can be viewed as an extension of the previous 2.5D model in the y-direction.
The code, numerical methods, and solvers used are the same as in the previous section.
The resolution is 256 2 × 128, with less resolution in the slow-varying y-direction. The cubic domain size is (−L/2, L/2) 3 . Again we conducted convergence studies, and found that there are essentially no differences compared to higher resolution runs. In order for linear coupling to occur, we consider density variations along the y-direction. In this equilibrium,
waves cannot be separated into pure fast, slow, and Alfvén waves. The density variation is described by:
where L and ρ 0 is the same as for the 2.5D simulation. In order to show that MHD waves in this equilibrium are indeed linearly coupled, we only perturb the y-component of the velocity initially, which necessarily leads to perturbations in the other components once the simulations starts. The perturbation for v y is the same as for the 2.5D simulation (Eq. 25).
Note that the perturbation does not depend on y, i.e. it acts along the entire y-direction with the same magnitude (see Fig. 6 ). We run the simulation until t f , coinciding with the time when the first wave-front reaches the lateral boundary. The evolution of the Elsässer variables can be seen in Fig. 7 . Note the presence of a weaker anti-parallel component (towards negative x-axis values) of z − : the appearance of this component is the result of linear coupling of MHD waves in the inhomogeneous plasma, as explained in Section 2.
The ratio of amplitudes of the left and right propagating z − is 0.03, while the peak density perturbation is ≈ 10 −5 ρ 0 in this case. We have also measured quantities which reflect the Alfvénic and compressive component of the fluctuations (see, e.g. Chen 2016), namely the normalized total magnetic field perturbation (|δB|/|B 0 | ≈ 0.0117) and the perturbation of the magnetic field magnitude (δ|B|/|B 0 | ≈ 0.000134), respectively. Note that the ratio of compressive to Alfvénic fluctuations is around 1%, which is usually the ratio found within the fast solar wind (Belcher & Davis 1971; Bruno & Carbone 2013) . These values reflect the highly Alfvénic nature of the perturbation. In the cut along the y-direction, the apparent phase mixing of the waves can be seen. Phase mixing occurs due to the presence of a variable Alfvén speed profile, and results in the curved appearance of the wave-fronts (see right panel of Fig. 7 ). Note however that this 'phase mixing' is different than the one described in Heyvaerts & Priest (1983) , as in this case the density variation is in the direction of the perturbation (see Parker 1991) . Furthermore, the variable amplitude of z − along the y-direction is evident: the amplitude varies approximately with the local equilibrium density gradient. Also, we can observe waves propagating faster than the 'main' phase mixed v y wave-front, seen as 'bulges' atop these, when the propagation direction is oblique to the magnetic field direction. This can also be seen in the anti-parallel component, leading to the wave-front 'crosses' seen along x ≈ −0.1 in the x − y slice. The x − z slice in Fig. 7 is at the y-axis position coinciding with the position of one of these crosses. In the x − y slice, a continuous presence of z − spanning the x-axis from the parallel to the anti-parallel propagating wave fronts can be seen. This is due to the density perturbations present near the z = 0 plane, which represent non-propagating entropy or thermal modes.
The amplitude variation of the entropy mode along the y-axis approximately follows the local density gradient. This linear coupling of the entropy mode and propagating modes in the presence of inhomogeneities will be investigated in more detail in another study. These perturbations then manifest in the Elsässer fields through the additional term in Eq. 23.
In Fig. 7 the y-axis position of the x − z slice was also chosen in order to exclude these non-propagating modes.
In order to see how the linearly coupled evolution differs from the homogeneous evolution, we ran a 3D simulation identical to the one described at the beginning of this section, except we do not consider density variations along the y-axis. Therefore, we set the density everywhere to ρ 0 . In this setting, the initial perturbation corresponds to superposed pure Alfvén waves which, once the simulations starts, separate into parallel and anti-parallel propagating pure Alfvén pulses. A comparison with the inhomogeneous evolution of v y can be seen in Fig. 8 . The obvious difference is the smeared appearance of the v y component in the linearly coupled (inhomogeneous) case. Indeed, this can be interpreted as the manifestation of a wave with mixed Alfvén-fast properties. In the homogeneous, or the 2.5D case, the only perturbation along the y-direction is due to the pure Alfvén wave, which retains its shape as it propagates away from the origin.
Conclusion
The Elsässer formalism is a very useful approach to incompressible MHD, since it transforms the usual velocity-magnetic field picture into a more intuitive symmetric system of equations. This symmetric system is interpreted as the interaction of pure Alfvén waves propagating parallel and anti-parallel to the main magnetic field, each completely we show that once we account for the presence of compressibility and inhomogeneities, the Elsässer variables cannot be used anymore to fully separate wave modes propagating in opposite directions. Even under homogeneous conditions, when the waves are linearly decoupled, magnetoacoustic waves, i.e. fast and slow waves are necessarily described by both Elsässer variables, propagating in the same direction, i.e. in the direction of wave vector k. Once plasma inhomogeneities are present, waves cease to exist in their pure form, and we can no longer classify the waves as being Alfvén, fast or slow. The linear coupling of waves due to plasma inhomogeneity means that waves have in general mixed properties. We show using 3D inhomogeneous simulations that in this case, an initial pulse perpendicular to the background magnetic field results in waves which propagate both Elsässer fields. Nevertheless, even under inhomogeneous conditions, in situations in which the waves are highly Alfvénic (dominantly having the properties of a pure Alfvén wave), the Elsässer fields appear to be able to indicate the dominating propagating direction to a very good approximation, at least in the present study. That is, the pulse propagating along the magnetic field shows a clearly dominant z − (≈ 97%) and a weaker z + (≈ 3%) component, and the pulse propagating in the opposite direction the other way around. However, in an earlier study simulating driven, unidirectionally propagating Alfvénic waves, we found that the amplitude ratio between the dominant and weaker Elsässer fields was on average 0.1 (Magyar et al. 2017) , while the ratio of compressive to Alfvénic fluctuations was also on the order of 1 − 2%. Furthermore, at points the 'anomalous' Elsässer field could surpass the principal component. Therefore, at the present moment we are unable to determine the precision of the Elsässer formalism to separate inward and outward propagating waves under inhomogeneous and compressible conditions, as it might depend on many factors.
We suggest that two of these factors determining the relative amplitude of the two Elsässer fields are the local density gradient (degree of inhomogeneity) and the wavenumber across and along the magnetic field. However, the detailed analysis concerning the ratio of Elsässer field amplitudes varying as a function of these factors is aimed as a follow-up study.
This paper was rather intended as a first demonstration of the fact that mangetoacoustic and linearly coupled MHD waves are generally described by both Elsässer variables and therefore cannot be strictly separated in parallel and anti-parallel propagating components. 
